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CURVES INVARIANT UNDER POINT-TRANSFORMATIONS OF 

SPECIAL TYPE* 



MARY F. CURTIS 

Introduction. The analytic curves which are invariant under an analytic 
point-transformation with a fixed point and go through the fixed point have been 
elegantly treated by Lattes.f who showed that for a transformation of a cer- 
tain general class there exist just two invariant analytic curves. The facts 
for the transformations which Lattes' methods can not handle are more compli- 
cated. In the particular transformations investigated in this paper, of impor- 
tance because of their relation to the problem of three bodies t, it turns out 
that there may be no formally invariant curve, a finite number or a single in- 
finity and that, even when a formally invariant series development exists, it is 
not, as in Lattes' case, always convergent. 

1. Preliminary discussion. Given the point transformation: 

(1) Q: X, = X{x, y), y, = Y{x, y), 

where at least one point, taken without loss of generality as (0,0), remains fixed 
and where the functions: 

X{x,y) = Jji,,xy, Y{x,y)=f%i,xY 

are single-valued, analytic functions of the complex variables :*:, y in (0,0). 
We fix our attention on those transformations for which the roots pi, p^ of the 
characteristic equation :§ 



Xx—p Xy 



n Yy-P 



= 

(0,0) 



* Presented to the Society, September 5, 1918. 

^ La.ttis, Snr les Equations fonctionelles qui definissent une courbe ou une. surface invanante 
par une transformation, Annali di Matematica, ser. 3, vol. 13 (1906-1907), pp. 
1-137. 

t Levi-Civita, Comptes Rendu s, vol. 131, p. 103; Sopra alcuni criteri di 
instabilM, Annali di Matematica, ser. 3, vol. 5 (1901), pp. 221-307. 

§ Picard, TraitS d' Analyse, vol. 3, pp. 23-46; Poincar^, Sur les courbes definies par les equa- 
tions diffirentielles, 4e Partie, Journal de Liouville, (1886), pp. 173-195; 
Latt^s, loc. cit. 
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are both equal to unity* and for which not all the coefficients of the quadratic 
terms are zero, namely the transformations: 

xi = X + fi{x, y) = X + ^Uijx'y, 

(2) T: '•+r^ 

yi = y + v{x, y) = y + J^bijx'y, 

where the o,;,, 5y, i + / = 2, are not all zero. We propose to determine condi- 
tions for the existence of analytic curves through (0,0) invariant under (2) 
restricting the discussion to those curves for which (0,0) is a regular point, f 
If the curve y = \p{x) : 

(3) ^{x) = y^^'^'' ^ii^lytic at at = 

« = i 

is invariant under the transformation T, given by (2), that is, if yi = ^(a;i) 
transformed by 7""' yields y = ^{x), we have 

(4) ^(^) + vixMx)) = Hx + nCx.iix))). 

By equating coefficients of corresponding powers of x on the two sides of this 
identity we obtain a set of relations in the coefficients /,• of xl^ix) and in the coeffi- 
cients Uij, bjj of (2). These relations constitute a set of necessary conditions 
on the /, for the existence of an analytic curve or curves y = xf/ix) invariant 
under (2). Moreover the sets of solutions hrk, ... of these relations determine 
all the developments (3) formally invariant under (2), that is, determine all 
the formally invariant curves. 



* The general transformations (1), as far as the linear terms are concerned, fall into three 
least invariant classes with respect to the group of affine transformations 5, of §3, leaving the 
origin fixed. If the roots pi, p2 are distinct, there exists an 5 such that the transform of Q by 
S is of the form : 

00 . . 00 , . 

(lo) Xi = pi3C -I- 2 a<ix'y', .Vi = piy + Xbax'y, pi pi 9^ 0. 

• -|-J = 2 1-1-^ = 2 

If pi = Pi = P 7^ 0, there exists an S, transforming (1) into 

00 . , 00 . . 

(16) xi = px + y + X aax'y', yi = py -|- 2 6i,**y, p 5^ 0, 

<-|-> = 2 1-1-^=2 

except when (1) is already of the form: 

00 _ , 00 

(Ic) X, = px + 2oi,.ry, y, = py + X bijx'y'.p j^ 0. 

i+i=2 •+j=2 

The transformations (la) have been completely investigated by Lattes except for the cases in 
which pi = P2*, pi = p°, n a positive integer. 

t Study: Ebene analytische Kurven, 1911, p. 39. 
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The first four relations obtained from (4), aside from the trivial relation h 
= li, are: 

kai — fii = 0, 

hoiz-fiz + h{2a2 + a'^k-fy = 0, 
/ia4-ft + /3(3a2 + aj/i-^D + /?(2a; + lial^h-^'^)) 
(I) +/2(a| + 2a3 + a;/i-^D=0, 

/las-iSs + /4(4a2 + Oj/i-lSj) + WsCSofj + "s^i - 182) + ^2«2 

+/3(3a3 + Zcc\ + a;/i-^D + l\{2a, + 2a2a; +|(a'3/i-^3)) 

+ /2(2a4 + 2a2a3 + ot\h- ^\) = 0, 

where the primes denote differentiation with respect to h and 

oii = '^a,sl\ > Pi = ^brsli ■ 

r + s = i r + s = i 

The compact formula for the wth relation obtained from (4) is derived in §2. 
The derivation is complicated and unessential for reading what follows. It is 
sufficient to note that the formula furnishes an immediate proof that the nth 
relation contains no / with subscript greater than n and that it involves /„ linearly 
with the coefficient: 

(5) Kih) =na2 + a^li-p2= {n + 2)002/? + ((n + l)an-26o2)/i 

+ na^a—bn, « > 1. 

The first equation in (I) is a cubic in k with coefficients from the quadratic 
terms of (2). If we set wi = aors, 3a)2 = an — to2> 3co3 = 020 • — bu, "4 = — 620, 
it may be written: 

(6) L{li) = mil + 3W? + 30)3/1 +W4 = 0. 

When the co's are not all zero (6) has at most three distinct roots in /i ; there 
are then at the origin at most three possible slopes for an invariant curve y = ^(x;) .. 
The directions determined by these slopes we shall call the invariant directions. 

If a root li = ln of (6) is substituted in the second relation in (I) and X2(/ii) 9^ 0, 
^2 is uniquely determined: ^2 = h<.; if this process is continued and always X„(/ii) 
7^ 0, the coefficients /, in (3) are all uniquely determined. 

Theorem. // In is a root of (6) and not a root of X„(/i) = 0, « > 1, there is 
one and only one formally invariant curve tangent at the origin to the invariant 
direction of slope In- If> moreover, (6) has three distinct roots and no one of them 
satisfies \„{l\) = 0, m > 1, there are precisely three formally invariant curves 
through the origin. 

It may happen that X,(/u) = ; if then the j'th relation is not illusory, h = hi 
leads to a contradiction ; if the ith relation is illusory, /, may be undetermined 
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and there is a possibility of <» i formally invariant curves all tangent at the origin 
to the invariant direction of slope In- 

It is conceivable that In, I12, In might all lead to contradictions. We shall 
show in §4, however, that when (6) has three distinct roots there is always 
one which yields a formally invariant curve. A simple root of (6) can, as we 
shall prove, satisfy at most one equation X„(/i) = 0, while a multiple root either 
satisfies no equation X„(/i) = and hence yields a single formal ^-series, or it 
satisfies every equation X„(/i) = and various possibilities arise. If the cubic 
(6) is illusory, X„(/i) = is satisfied by at most one value of k and this is the 
same for every n; hence we may say that for "almost every value of Zi" there is 
a formally invariant curve. 

Some of the difficulties involved in proving a formally invariant series 
2,^j/,vt' actually convergent are evident from the discussion in §6 of a particular 
transformation, for which a formally invariant series always exists but is con- 
vergent only when very special conditions are fulfilled. 

2. The general formula for the determination of the coeflBcients in the power 
series development of an invariant curve. In order to write in compact form 
the general relation (I), we introduce a special notation. Given h, h, 1%, . . ., 
where we assume that the weight oi t„isn — I and that the weight of a product 
in the i's is the sum of the weights of the factors; then by Sjk(ti,ii^i, . . .), 
i ^ 1, we mean the sum of all different ordered products tm^tm, ■ ■ ■ t„j in 
ti, ti + i, ■ ■ ■ which are of degree /, / a positive integer, and of weight k, k a. 
positive integer or zero: 

m, + njj + . . . + m,- =i + * 

where the summation is over all possible different ordered sets, nii, nti, . . ., 
nij, such thatm„ ^ i and lin^imn = j + k. If i > k/j + 1, there exist no prod- 
ucts /„j ■ ■ ■ im- as defined: 

Sj,kiti,ti + u-.) =0 {i>k/j+l); 

in case i ^ k/j + 1, products t„ . . . t„. as defined do exist and for them 
i ^ m„ ^ k — ij + i + j, that is, 

5.,*a, . . . ) =5,-,,(t,- g {i^ k/j+\,p = k- ij + i + /). 

We also agree that 

So.Si U + x. ..) = \,So,k {ti, ti + u ...) = 0, ^ ?i for all i. 
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li y = T^ililix', then the coefficient of r""*"" in y, / ^ 0, is 5^_„(/i, . . .,/„ + ,). 
Putting y = 2^=o5/,„(/i, • • .,/„ + i)a; •'"*"" into xi = x + S,+7=2«y*y and de- 
noting the total coefficient of x in the result by A^, we have 

k 
Ai = l,Ak = '^aijSj^k-i-jih, ■■■, k-i-j+.i) k> I. 

The/th power of a;i :x\ = (s"=,i /Ij^*)"' is s"=o5i,„(^i, • • .. A„ + i)x''^"; ac- 
cordingly the total coefficient of x on the right-hand side of (4) is 

k 

Since Sj^iAi) = A\ = 'i, this becomes /) for k = I, and becomes 
h + J2hSj.k-Mi A,_j+,)fork > 1. 

To get the coefficient of x* on the left-hand side of (4), we have 
yi = >' + J2^ijxy= f; (k + B,)x'', where 

i+j=2 k=l 

k 

Bi = 0, Bk = J2bijSj_k-i-j(h, • ...k-i-j + i), k> 1. 

The general relation (I) may therefore be written : 
(7a) Y,lJSJ,,.J(A^, ...,A*-i + ,) = B„ k> 1. 

To aid in the expansion of (7a) we next show that 

. . . •••-l~«n i 

(Ila) S,,„(/,. .... /„ + ,) = /!Ef^, 7^—,\ 7^, ■ • • r- M. -^• 



where / ^ «i ^ t2 ^ ■ • ^ t'„ and S|S = i 4 = n. For, from the definition of 

S,-.ft (/.,...) 



^ /! 



(116) Sj,„{tu . ..,/„ + ,) = J2 ,. \\,. tr"Si„„ik, . ■..t„-n + 2), 



ill 



•5,i,n(fe, • . .,in-ii-H2) — /. T- . ^ , . J^' 'Si..n-i.+i,{hi ■ ■ ■ >in-ii-h + 3) 

i^oiu-t2)\t2\ 
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and so on; 


hence 








S.Ji,.... 


.i__L,") = ?! 




tr' 


>1 jll — I! 
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/ " n J 

,t^0 («n-l-»n)!'J+l=OU„-?„+i).' 

where q = n — 2/^" j tj^ + w„ + j. 

Since S, „ (/i, ...,<„ + 1) has no i with subscript greater than n + I, 5(i„ + 2, . ■ . ) 
is independent of t and is equal to unity; hence both its degree and weight must 
be zero. Accordingly i„ + i = 0, n — 2^1 1 4 = and the last sum becomes 

/" 

ii-i. If we use a single summation sign, understanding thereby this, that the 

summation is taken over all possible ordered values of n, . . ., i„ for which 

y ^ 2^1 ^ 4 ^ • • • = in and 2*=, i^ = n, we have the formula (Ila). 

By means of (Ila) and the formulas for A^ and B^ we could write out the 
relations (7a). We facilitate this, however, by rewriting, with the aid of (116), 
the relations (7a) and the formulas for A^ and 5^ in forms showing the exact 
manner of their dependence on h. We have, namely, for A/, and Bi^, denoting 
differentiation with respect to h by primes : 

k m 



ft m 1 

(lie) (fe > 1, ^' ^ 2), 

k m 1 



= 2 ~o 7 ! 
where w is the smaller of the two integers, i, k — i and a,- = 2J ^^rs^i. /3,- = /firsl', 

r ■{- s = i r-\-s — i 

Instead of (7a) we have: 

m k-i 'I 

(7^-) E E ^i 7^^, Si.k~M^' ■■■• Ak-i-, + 2)-Bk = 0, fe > 1, 

, = 1^ = 1 {j-t)\t\ 

where m = k/2, if ^ is even, and m = (^ — l)/2, if ^ is odd. This is our final 
form for the relations for the determination of the Vs: It may be expanded by 
means of (116) and by the formula: 
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{lid) 



Sj,„{h, ■ ...tn-j + z) - P-Z2 



ij—ii)l (ii— 82)! 



,'n- ,-1-1 
tt- i+ ] " ' '■n-j + 2 



rn- ,-L-,„_j /»-, 



(^'n-j-1— 4->)! 4-j! 



where/ ^ n ^ 4 ^ • • "^in-j and S^l/i^ = n- — /. This formula is the analogue 
of (Ila) when the i of S_, „(/,, . . . ) has been increased from one to two. 

From (lie), the weight of A^ or B^ in the I'sisk — 2; therefore the weight of 
Sj_„{Ai, . . . ) in the I's is m — ;'. The weight in the I's of the ith term in (76) 
is (/fe — ;■ — i) + (;' — 1) = k — i — 1 and this has its largest value k — 2 
when i = 1. Hence (76) contains no / with subscript greater than k — 1 and is, 
except for the case k = 2, linear in Ik-i- 

The coefficient in (76) of 4_,, k> 2, whichwedenoteby XA_j(/i),is X^^-i (h) 
= ha'^ — /Ss + (yfe — 1) a2 = (^ — 1) 020 — 6„ + -(^aii — 26o2)/i + (k + l)ao2ll 
k > 2. The terms ha'^ — /Sj come from liSuk-i(A2, ■ ■ ■, ^/t) = hA^ and 
B^; the term {k — l)a2 is from {k — 1)/a_iSi,i (Aj) = {k— 1)/a_ ,^2. In (76) 
the terms of weight zero are hak- — /S*; they come from /iSi,^_i(.4i, . . ,, A),) = 
liA^ and Bk- 

3. Invariants and invariant systems of equations for the transformations T. 
An analytic curve through the origin invariant under T is transformed by an 
analytic point transformation U leaving the origin fixed : 

i+j=l i+i=l 

into an analytic curve through the origin invariant under T' : T' = U~^TU. 
Hence the study of any transformation T' equivalent to T with respect to the 
transformations U suffices for T and for all transformations equivalent to T, 
that is, for the least invariant class of transformations with respect to the group 
U, to which T belongs. The least invariant classes of transformations T, as 
far as quadratic terms are concerned, are the same with respect to the group of 
all analytic transformations U as they are with respect to the group of affihe 
transformations : 

S: X = kiox + kmy, y = /lox: + hiy, A = feioZoi — feoi/io ^ 0. 

The equations giving the values of the coefficients a,^-, 6, ,• of the quadratic 
terms of the transformation T': T' = S~ TS in terms of oso, an, ao2, 620, 611, 602 
constitute the so-called "group of parameters."* If we introduce instead of 

* If the transformation T is to be area-preserving, cos, w, must vanish. This geometrical 
significance of cos, we was suggested by Birkhoff's paper, Stability in dynamics, read before the 
Society, September, 1918. 
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am, • • , fco2 the following linear combinations of them : 

flu — O02 Cho — On 

3 3 

, On + 2feo2 bn + 2aio 

W4=— Ojo. W5= )«6= 



so that 



620=— W4, 611=— (2W3 + We), 6o2 = W5 — W2, 

the group of parameters becomes: 

wi= — - \ ^10 «i~ 3^10^01 wj + 3^10^01 '^3 ~feoi W4 p 

W2= "J ^oiOoi W4— Zl0<<)3) + 2feolfelo(ZlO W2 — Zoi W3) + feio(ioi«2~^10 Wl) /. 

W3= S /i^o(^10Wl — ^OlWj) + 2/lo/oi(feoiW3 — felOW2) + i§i(felOW3 — feoi W4) /", 

0)4= — r ^ /oi'^4~3/oiZioco3 + 3/01^10 W2~Zlo'*l (' 

W6= — S ^10 £06 + feoi We j" , 

0)6= ^ S Zoi «6 + ^10 «6 r • 

The matrix of the infinitesimal transformations of this group, Gi{x, y, wi, 
. . . , We), is essentially the matrix for obtaining the covariants of the binary cubic : 
wi:v' + SbOiXy^ + SuiX^y + wuc^, where y = ut, x = m-* The relative invariants 
of Gi are: 

/l = WlW6 +3w2W6Wg + 3w3W6W6 + W4W5, 

/2=(wiW3— w|) w|+ (wiW4 — W2W3)W5W6 + (W2W4 — W^Wj, 

/3 = 6wiW2W3W4— 4W1W3 — 4w2 W4— Wiw| + 3 w| w| ; 

that is, the binary cubic, its hessian and discriminant. The invariant systems 
of equations for d are found from the matrix in the usual fashion. 

The absolute invariants and invariant systems of equations determine the 
least invariant classes of transformations T, as far as the quadratic terms are 
concerned. If we denote by (020, . . . , 602) the homogeneous coordinates of a 



* Lie, Contiriuierliche Gruppen, p. 733. 
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point in five-dimensional space, these least invariant classes of transformations 
T are represented by the following least invariant spreads in Rf, : 



mz'. 



mt: 



fi'-h'f3 = o,:b:c, a, 6, c not all zero; 

I ill = wj Wg -|- 2w3 W6 Wft -|- 0)4 <06, ws, «6 not both zero, 
\ fia = wi cijg -|- 2(02 W6 We + W3 <^\, wi, W2, W3, W4 not all zero, 
i W2 We + W3 W6 = c W6 We, c arbitrary ; 



mj: 


ws = We = 0, /s = 0, rank of 


Wl W2 W3 
W2 W3W4 


two; 


Wi: 


«i=w2=w3= wi= 0, W6, W6 not both zero; 


m',: 


W5=W6 = 0, rank of 


Wl W2 W3 
W2 W3 W4 


one. 



These classes remain mutually exclusive, though not necessarily least invariant 
when all terms of T are used. 

4. The existence of formally invariant curves. A sufficient condition that 
there exist along the invariant direction determined by a root of the cubic (6) : 

(6) L(Zi)=wi/i -|-3w2/i + 3W3Z1 + W4=0, Wl, W2, W3, W4 not all zero, 

just one formally invariant curve is that the resultant of L(/i) and X„(/i) 

(8) X„ai) = ^ii^ L'{h) -f (n-1) (wsii-we) =0 (« = 2, 3, . . . ), 



does not vanish for m > 1, m an integer. This resultant set equal to zero and 
freed from a factor wi* is: 



(9) 



N{n) = (n-l)Vi + 3(n + 2) («-l)/2 -f (m -f- 2)^3=0. 



Theorem 1 . A sufficient condition that there is in each of the invariant directions 
determined by the roots of (6) just one formally invariant curve is that (9) is satisfied 
by no integer greater than unity. 

In determining whether a particular root of (6) satisfies an equation (8) it is 
essential to distinguish between simple and multiple roots of (6). 

Theorem 2. A simple root of (6) can satisfy at most one equation (8). A 
multiple root of (6) satisfies no equation (8) if fi, ft, fa are not all zero; it satisfies 
every equation (8), iffi = ft = fs = 0. 



* If, for T, coi = 0, we have only to take an equivalent transformation whose representative 
point does not lie in m = 0. This is always possible when L (h) ^0. 
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For, if X„/Ti)= and X„^(Ti)=0, Wi 7^ n^, then L'(Ti)=0, a)5li-co6= 0, 
and every equation (8) has /i as a root. If C05 / 1 — coe = and 005 = 0, then coe = 
and li is one of the two roots of L'( /i) = 0; if 0)5 5^ 0, /i = coe/cos and this satis- 
fies L'(li) = 0. In either case 

^2 = COlCOg + 2a)2<«'5C06 + C03to| = 0. 

Lemma 1. Two and hence all equations (8) have a common root when and only 
when Jis = 0. The common root always satisfies L'{li) = and if C05 ^ 0, it is 
coe/cos. 

A common root of the equations (8), if it is also a root of (6) is, since it satisfies 
L'ih) = 0, a multiple root of (6). In this case (9) is satisfied for all integral 
M, M ^ 2, and hence /i = fi = /3 = 0; conversely, if (6) has a multiple root and 
/i = /2 = /a = 0, this multiple root satisfies every equation (8). 

Lemma 2. A root of (6) satisfies two and hence every equation (8) when and only 
when it is a multiple root of (6) andfi = /j = /s = 0. 

A simple root of (6) can, therefore, satisfy at most one equation (8). On the 
other hand, if a multiple root of (6) satisfies one equation (8), then, since it satis- 
fies L'(Zi) = 0, it satisfies every equation (8) and /i = /2 = /a = 0. Hence, 
if /i> /s. fi are not all zero, a multiple root of (6) satisfies no equation (8). This 
completes the proof of Theorem 2. 

A simple root l^ of (()) either satisfies no equation (8) and hence yields a single 
formally invariant curve, or it satisfies just one equation (8) : X„(/i) = 0. 
If X„(/i) = 0, then X''(/i) 9^ 0, n 9^ m, and k, k, . . ., l„_i are uniquely 
deteimined from the first m — 1 relations derived from (4). When their values : 
'1. h, h, ...,/m-i are substituted in the wth relation, it is either contradictory 
or illusory ; if it is illusory, /„ is undetermined and the subsequent relations give 
for any chosen l„, since X„(/i) 9^ 0, n ^ m, unique values oi l„^^{r = \,2, . . .). 

Theorem 3. A necessary and sufficient condition that a simple root of (6) yield 
a unique formally invariant curve iS that it does not satisfy an equation (8). If it 
satisfies an equation (8), it yields either no formally invariant curve or a single 
infinity. 

If /i is a multiple root of ((>) and fi = fi = fi = 0, there is by Theorem 2 an 
immediate contradiction unless the second relation of (I) : azU — /Ss = is satis- 
fied by /j. 

Theorem 4. If f\, fi, fz are not all zero, a multiple root of (6) always gives a 
formally invariant curve. Iffi = fi = fz = 0, a necessary condition that a multiple 
root of (()) lead to a formally invariant curve is that this root satisfy aik — 03 = 0. 

We now proceed to determine when the conditions which we have set up for 
the existence of formally invariant curves are fulfilled. If /i, fi, fa are not all 
zero, there is always at least one formally invariant curve. This follows from 
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Theorem 4 if (6) has a multiple root. To show that at least one of three distinct 
roots of (6) leads to a formally invariant curve, we shall prove a number of lem- 
mas. 

Lemma 3. J//i, fi, fs are not all zero, then oj the roots of (9) considered as an 
equation in n : 

(/i + 3/2 +fz)n^ + 3(-/i + 2U)n^ + 3(/,-3/2 + Af,)n-h + fi/2 + 8/3 = 0, 

at most two can he integers greater than unity. 

If /ii .fi, fi are not all zero, (9) considered as an equation in n is not illusory. 
If /i + 3/2 + /s = the lemma is obvious; if /i + 3/2 + /s ?^ and two of the 
roots are integers greater than unity :n ^ ^2 > 1, the remaining root is 
(/i + ri — 2)/(rir2— l) and hence is less than unity. 

According to this lemma the three roots of (6)" cannot each satisfy a different 
equation (8). That two of them can not satisfy X„(/i) = 0, w > 1, while a 
third satisfies X„(/i) = 0, w > 1, m 7^ m, we shall show by proving that the con- 
dition that L(/i) have X„(/i) as a factor is the same as the condition that (9) 
have a double root. 

The condition that L(/i) contain X„(/i) as a factor is that the rank of the matrix 



(m + 2)wi 2(m + 2)co2+ («-1)w6 (m + 2)w3-(m-1)w6 

(m + 2)co2— (m — l)w5 2(n + 2)003 + («— l)w6 (w + 2)w4 



(10) 

is less than two, that is, that 



d, = 2(m + 2)2^23 + («. + 2)(m- 1)^34 + (m-1)^co^ = 0, 

(10a) d2= (m + 2)2^,3 +(M + 2)(w-l)d24-(M-l)2(O6W6 = 0, 

dz = 2{n ■^- 2ydn+ {n + 2){n-\)du + {n-\fi/^ = G, 

where djj denotes the determinant made up of the iih and ;th columns of the 
matrix : 

COl 0)2 £03—0)5 . 
0)2 0)3 0)4 0)6 

Then 

<4di + 20)50)6^2 + <Ad^ = 2{n + 2)2/2 + (« + 2)(w- l)/i =0, 
(106) dud.-d^A + d^d, = («- 1)^2 + (« + 2)^3 = 0, 

dudi-2di4^ + 0^34^3 = 2{n + 2){n- 1)/2 + (m- 1)'/, =0. 

Hence 

(11) /i:/2:/3 = 2(« + 2)=': -(M-l)(n + 2)2: («-])', « > 1. 

Conversely, if /i, :/2 :/3 are given by (11), it follows by retracing steps that the 
rank of the matrix (10) is less than two. 
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LBmma 4. A necessary and sufficient condition that two of the roots of (6) 
are the roots of X„(/i) = 0,n > l,is that 

/,:/2:/3 = 2(n + 2)':-(M-l)(M + 2)2:(«-l)3, n > 1. 

On the other hand, (9) has a double root, that is, N(n) = and N'{n) = 
have a common root, when and only when/i -.fi -.fi are given by (11). 

Lbmma 5. A necessary and sufficient condition that two of the roots of (6) 
are the roots of X„(/i) = 0, w >l,is that n = mis a double root of (9). 

This completes the desired proof. 

ThEorbm 5. Iffu fi, fz are not all zero there exists one curve through the origin 
formally invariant under T. 

If /i = fi = fi = 0, (6) always has a multiple root, which by Theorem 2 satis- 
fies every equation (8) and, unless conditions depending on the coefficients of 
terms in T of higher degree than the •second are fulfilled, the multiple root yields 
no formally invariant curve. If /« ^ 0, that is, if the rank of 



(12) 



oil 0)2 CO3 
0>2 (O3 014 



is two, (6) has also a simple root and this root yields in general a formally in- 
variant curve. For, if the rank of (12) is two and co6 = we = 0, the simple root li 
of (6) satisfies no equation (8). If 015 y^ 0, the double root is we/cos, and the simple 
root is 

3W2W6 -f- 2aJlC06 



/i=- 



W1CO6 



If X„(/i) = 0, n > 1, we have, using the notation of (10a) 

_oil + 2du 



l-dt. 



M> 1. 



Similarly in case coe 9^ 0, 



0)1 + 2d%i 

n= -^- , M > 1. 

ue—dsi 



In place of either one of these ratios we may use the equal ratio : 

Oil + 2(^14 + ^34) + w'e 



M = 



l-idu + d,i)+o>l 



which can be shown to be an invariant when/i = fi = fz = Ooi the transforma- 
tion T under the affine transformations S. 
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Theorem 6. ///i = /2 = /a = and fi ^ 0, the simple root of (6) yields a 
formally invariant curve unless M is defined and has a value equal to an integer 
greater than unity. 

If (6) is illusory, X„(/i) = {n — 1) (cos/i — oie) and for every value of h except 
perhaps for the value toe/wj there exists a formally invariant curve. 

5. Classification of the transformations T according to the common factors 
of the quadratic terms. The least invariant classes of transformations T as far 
as their quadratic terms: 

a(x,y) = ajo*" + anxy + a^y^, 0(x,y) = 620^^ ^ i^^^y ^_ jj^yi^ 

a{x,y), 0{x,y) not both identically zero, are concerned, may be classified, on 
the basis fundamental in Levi-Civita's discussion of stability* into the three 
types: 

Type 1. a{x,y), i0x,y) have no common factor in x,y; 

Type 2. a(x,y), P(x,y) have one and only one common factor, linear in x,y; 

Type 3. a{x,y), Pix,y) are linearly dependent. 

In making the classification we assume 0)4 = O.f The least invariant spreads 
in this case are the intersections of the least invariant spreads ma, m^, jmj, mi, 
mj, of G4 with W4 = : 

M2: fi:fi:f3 = a:b:c, a, b, c not all zero; 

-. _ (co3 = a)6= 0, co2:w5 = g:/i, g 5^ 0; 

'• \L>, = I'2 = A=0,a,3:co6=g:/t,g?^0; 

Mj: c>)2='03 = w6 = 0, CO1W6 5«^ 0; 

M\: coi =012 = 0)3 = 0, 0)6, 0)6 not both zero; 

Mo: 0)2 = C03 = W6 = 0)8 = 0, 0)1 ^ 0; 

where Z?,- denotes the determinant obtained from the matrix : 

2o>l 0)2 0)6 

3o)2 2a/3 o)g 

by omitting the ith column. In particular, mz, m\, m[ yield, respectively, M2, 
MpMo; the intersection of m^ with 0)4 = consists of M\ (g 9^ 0) and M\, while 
that of Wj is Mi(g = 0). Each of the 00 1 spreads Mx is made up of two distinct 
continua as indicated; by the G^ a point P on one can be transformed into any 

* Levi-Civita, Annali di Matematica, ser. 3, vol. 5 (1901), p. 242. He shows 
that the transformations: 

«i =« + *' + y{ax + hy) + V{x,y), yi = ^(l + ex + dy) + V{x,y) 
are unstable, except perhaps for c = 1. 

t If for a given T, at 5^0, we have only to take an equivalent transformation for which 
0)4 = 0. 
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point P' on the other, but by the sub-group Ga with Zio = 0, for which a>4 = 
is an invariant equation, a point P on one cannot be transformed into a point 
P' on the other. 

The least invariant spreads for 0)4 = which are of Type I are those for which 
the resultant: /i + 3/2 + ft of a(x,y) and fi{x,y) does not vanish. Those of 
Type 3 are determined by considering in detail the three cases: a{x,y) ^ 0, 
fi{x,y) ^ 0; a{x,y) ^ 0, fi{x,y) = 0; a{x,y) = 0, 0{x,y) ^ 0. Those for Type 
2 are then obtained by exclusion. The resulting classification of the least in- 
variant spreads for 04 = 0, together with a representative transformation for 
each least invariant spread, is: 



Type 


Spread 




(la) 


Mi{a + 36 +c ?^ 0) 




(2a) 


M<,{a + 36 + c = 0, 


\yi- 




a:6:c ¥^ 2: -1:1) 


(26) 


Mi(g:/t5^-l:2, 


ixv 




g:h^\:\) 


\n 


(2c) 


M'[ 


\yi 


(2d) 


M[ 




(3a) 


M2(a:6:c = 2:— 1:1) 


\yi 


(36) 


M,{g:h= -1:2) 




(3c) 


Mi(g:/i = l:l) 




(3d) 


Mo 


{yi 



Representative Transformations 

-■ X + a2oX^ + anxy + y- + 

--y + xy + 

--x + anxy + y^+ ■ ■ 

--y + xy + ■■• 

-x -f auxy + ■ ■ ■, au ^ 0,1, 

=y +y^ + ■■ 

=x + xy+ ■■■ 

= y + y'+ ■•• 

= x + xy -{• y"^ + • ■ • 

=y + j'^+ ■■■ 

-x + xy + ■■■ 

= y + xy + ■■ ■ 

=%+•■• 

= y + yi+ ... 

= x + xy + ■ • ■ 

-y+-- 

=x + y^+--- 

=y+-- 



020 ^ 



The representative transformations as given for the non-singular least in- 
variant spreads, that is, those for which /i, /z, /s are not all zero, are easily ob- 
tained by using the fact that when 014 = these non-singular least invariant 
spreads are given by: 

C = aoil -f- 36CO3CO6 + CCO5 = 0, 

H = 003(0)2 — W1CO3) + bc>3l(>llol(i — C03iW6{(^2U6 + WsCOs) =0, 



and by showing that it is always possible to take not only 620 = but also 602 = 0, 
611 = 1. Those given for the singular least invariant spreads can be picked out 
at once. 
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Each of these representative transformations has been chosen without regard 
to the particular invariant direction brought into coincidence with the axis of x. 
Hence for each representative transformation we have to consider the possibihty 
of invariant curves not only in the direction of the a;-axis but also in the other 
invariant directions. It is, however, of advantage to have the invariant direc- 
tion to be discussed always along the .-vr-axis, that is, to supplement each repre- 
sentative transformation by one or more transformations which have, respectively, 
along the :x:-axis the non-equivalent types of invariant directions for the least 
invariant spread in question. If the transformation T as given has an invariant 
direction h, besides that along the a;-axis, we transform T into T, so that T has 
its corresponding invariant direction Ii, along the .T-axis. If each T can be taken 
in the same form as T, then T suffices ; otherwise to T must be added transforma- 
tions representative of the T which can not be taken of the form T. 

Denoting by the subscripts 1 and 2 two equivalent transformations with non- 
equivalent invariant directions along the a;-axis, we have as our complete classi- 
fication : 



(la) 


Xi=x + (haX^ + anxy + 


y^+-- 


■,cho7^0, chuo-li 7^ (2a2o— 1)^ 




yi=y +xy 


+ ■■ 






(lai) 


xi=x + a^ox^ + anxy + 


3,2+.. 


•,O20 5^ 0, ai^\ = {2aw-\Y, 




yi=y +xy 


+ •■ 


(las) 


Xx = x +a;2 ^-ao23'^+ 

y\=y +j'^ + 


(2ax) 


xi = x + anxy + y^+ ■ 
yi = y + xy + ■■ 




(2a2j 


a;i = a; + a2o%^ + «:y + 
yx = y +xy + 


(260 


Xi = x-\- anxy + • ■ • , ail 
yi=y + y'^ + ■■■ 


?^0, 1, 


(260 


Xi = x + x^ + ■■■ 

yi = y + biixy+ ■■■, . 


(2c.) 


Xl=x+ xy + ■ ■ ■ 
yi=y + y^ + ■■ • 




(2c0 


Xi = X + X^ + ■■• 
yi = y + xy+ ••• 


(2d) 


xi = x + xy + y^+ ■■■ 
y\=y +3'^+ ■•• 








(3a0 


Xi = x + xy+ ■■■ 
yi = y + xy+ ■■■ 




(802) 


Xi = x + x -j-xy+-- 

yi=y+ ■■■ 


(SbO 


xi = x+ ■■■ 

y, = y + y'+-- 




(362) 


Xi = x + x^+ ■•• 

yi=y+ ■■■ 


(3ci) 


xi = x + xy-i 

yi=yA 




(3C2) 


xi = x+ ■■■ 
Vi^y + xy + ■■■ 


{3d) 


xi = x + y^+ ■■ ■ 
yi=y+ ■■■ 









. 020 5^ 0, 



6n7^0,l 



These type forms are mutually exclusive; moreover, two transformations of 
any type with different values for the constants of that type are mutually ex- 
clusive. 
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From a consideration of equation (9) it follows that : 

Theorem : If the roots of (6) are distinct there are at least two curves formally 
invariant under Type la,-; if aa2 = there are three. If the roots of (6) are distinct 
there are at least two curves formally invariant under Type 2a, ; if they are not dis- 
tinct each root yields a formally invariant curve. There are under Type 3a,- three 
formally invariant curves. 

In Types 262, 2c2, 862, Scj the simple invariant direction is along the s;-axis 
and it is easy to discover, by computing the value of M, when the simple root of 
(6) gives trouble. 

Theorem. In Type 262, if bn is not an integer greater than two, the simple 
root of (6) yields a formally invariant curve. In Type 2ci, every root of (6) yields 
a formally invariant curve; hence there are under Type 2c2 °o ' formally invariant 
curves. In Types Zh^, 3c2 the simple root of (6) yields a formally invariant curve. 

6. Curves invariant under some special transformations. If the curve 
y = yp{x) is invariant under: 

% 

Xi = X+f{x) = 



l-x 
(13) T: 

yi=y + <p{x), 62=0, 



then yp{x) is a solution, analytic at the origin, of the functional equation : 

The equations (I) here become k — and 

^ (fe-1)! 2!(fe-2)! (fe-1)! 

The equations k = 2, ■ . ., k solved for l^ give: 

^ lk=^b,+,+'Mi-\~h + ---+Mk-2~h (fe = 2,3,...). 



(fe-1)! kl (fe-1)! 2! 

where the M's satisfy the relations: 

1 , Ml , Mi 



+ ~~:r. + 7~^:r. + ---+Mk-2=0 (fe=3,4, ...), 



(fe-1)! (fe-2)! (Jfe-3)! 
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that is, are the coefficients in the power series development of the function 

% 



e —1 



Hence 



*=2(fe-l)! ATaXfe! (fe-1)! 2! / 



X 1_^ hx''-^ 



If for an arbitrary series jj(aj) = 2„ =2 ^>i^"> we define the series 7ji(%) = ^ 

relation becomes: 



as the associated rj-series, this relation becomes: 



^c"-' 



or since /i(x) = 2^ r — =/-l 

(14) V'iW=/iWlAiW. 

In order to determine when, for/(:i;) = S„^2 '^" and a given v3(x) convergent 
for \x\ < p, there exists a convergent ^(a;) satisfying (14) we shall have to dis- 
cuss in detail the relationship of a series 17 (x) to its associated series with respect 
to convergence and divergence. Since the series S„ = 2 '"n^ converges and di- 
verges for the same x as r){x), we may equally well consider its relationship to 
Vi{x) or more simply, the relationship of 6{x) = 2„ = jH ! m„%" and 6i(x) = 2„ ^ i"n^"- 

If d(x) converges, di(x) converges for all x and is an integral function; if 
6i{x) is an integral function, we make use of the classification of integral functions 
according to their strength of convergence, or, more precisely according to their 
X-, fi-, v-indices^ in order to determine the behavior of 6{x). 

The X-index of the integral function 0i{x), whose zeros are : d, C2, . . , |ci| ^ |c2| 
g . . . , where a; = 0, if present, has been excluded, is, if it exists, the number 

X ^ 0, such that, for every positive e, 2_, ] — ix+e converges, whereas 2J ] — r 



n=I l^n « = 1 \^i 



diverges. 

The /i-index of 6i{x) = S„ = 1 «„«:" is, if it exists, the number m ^ 0, such that to 
every positive e 



(o) Im„| < for all n > m^, 

(ft) |«„| > — —^ for some arbitrarily large «. 



* The deduction of this functional equation is due to C. L. Bouton. 
t Vivanti-Gutzmer, Eindeulige analytische Funklionen, pp. 228-230, 
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The jz-index of 6i(x) is, if it exists, the number v ^ 0, such that to every posi- 
tive e* 

(a) \eiix)\ < ^I'l""^* for all \x\ > r„ 

(b) \Bi{x)\ > e^'^^" ' for some arbitrarily large x. 

In case- an index does not exist, it is said to be infinite. The following 
theorems are dependent on the definition of the ju-index: 

Theorem 1. If 0i(x) has n-index infinite, d{x) is an integral function with 
jx-index infinite, and conversely. 

Theorem 2. Ifd\{x) has /i-index equal to m, then 
(a) if ixi > 1, d{x) is an integral function , with ix-index equal to ni — \ > 0; 
(6) if m < 1, 9{x) is divergent and 

\n\ u„\ < ni^'"^ \ n > m^, 

\n\uj\ >«!*""'"', for some arbitrarily large n, and conversely. 

If jui = 1, then \n \u„\ < n !' for all n > w„ \n\u„\ > n\~' for some arbitrarily 
large n, and d{x) may be an integral function with /i-index equal to zero, or may be 
convergent for \x\ < p, or divergent. To distinguish these three cases, we 
introduce, in connection with the v-index, which here is unity, since nv = l,t 
a subindex 7, J and thus obtain a further classification of integral functions with 
M-index unity. 

For diix) with /i = v = 1, 

(KW|<eW'+'forall W>n, 

ia) the 7-subindex is infinite, if < ifi 

'^ 9i(a:) > e' for some arbitrarily large x; 

i \ex{x)\ < e'^+^'l^l for all \x\ > r„ 
(6) the 7-subindex is 7 5»^ 0, if -J r - >i 1 

'. |ei(s;)| > e^^ " ' for some arbitrarily large x\ 

\b^{x)\ < e'^"^ for all |a;| > n, 

di{x)\ > e^"^ 'for some arbitrarily large x. 



(I 
(c) the 7-subindex is zero, if < 



Pringsheim§ shows that these three pairs of inequalities on \di(x)\ lead re- 
spectively to the following three pairs of inequalities on \u„\ and conversely: 



* Pringsheim, Ganze Funktionen, Mathematische Annalen, vol. 58 (1904), 
p. 262. 

t Pringsheim, loc. cit., p. 279; Vivanti-Gutzmer, loc. cit. p. 267 

\ Pringsheim, loc. cit., p. 264. 

§ Pringsheim, loc. cit., pp. 278-279. 
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(a) 



\u„\ < ,i_, for all n > nt„ 



W„\ > 



nk 



for some arbitrarily large n; 



(b) 



\u„\ < : — for all n > m. 



(7-6)" 



n 



for some arbitrarily large n ; 



(0 



\u„\ < — for all n > m,, 

m! 



M„| > ,i+t for some arbitrarily large n. 

til 



The corresponding inequalities on the coefficients of 6{x) are : 
^"^ \\nlu„\ 

I \n ! u„ 



< M !' for all n > m,, 

> €~" for some arbitrarily large «; 



ib) 



< (7 + «)" for all M > m„ 

> (7 — e)" for some arbitrarily large n; 



(\n\u„\ 
( \n\u„\ 



< t" for all n > m„ 

> mT* for some arbitrarily large n. 



Hence we conclude the following theorem : 

Theorem 3. If 6i{x) has fx-index equal to unity, then 

(a) if 7 is infinite, d{x) diverges ; 

I I i 

(b) if 7 is finite, not zero, 9ix) converges for \x\ < > 

(c) if 7 is zero, 6{x) is an integral function with fi-index equal to zero, and con- 
versely. 

We are now in a position to discuss the conditions for a solution of the equa- 
tion (14). 

Theorem 4. A necessary and sufficient condition that there exist a convergent 
\p{x) satisfying (14) and hence that there exist an analytic curve y = \p{x) invariant 
under (13) is that <pi{x) contain among its zeros the zeros : 2mri, m = 0, =*= 1 , ± 2, . . . , 
offiix) = e'' - 1. The radius of convergence of ^{x), when ^(x) converges, is at 
least as great as that of (p{x). 
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The condition is necessary, for if \l/{x) is convergent, yj/iix) is an integral func- 
tion and <piix) must have among its zeros the zeros of /i(a;). 

It remains to show the condition sufficient. The function /i (a;) has the zeros 
2mri, its X-, /n-, v- indices and 7-subindex are all unity. Since <(>{x) converges, 
ft^, is, by Theorems 1 and 2, greater than one, or, by the Theorem 3, equal to one 
with 7^, finite. Suppose ;u^, > 1; then since v = 1/ju and X ^ ><* it follows 
that Xv, < 1; but in order that <pi{x) have among its zeros the values 2nin, X^, 
^ 1 and hence a contradiction. We thus have 

fivi = 1, v,,, = 1 and 7^, finite, X^, = 1. 

We next prove the lemma : 

Lemma: If for a given 7, v, ]^i(^)| >e for some arbitrarily largex, then for 
any positive e, there exists some arbitrarily large x for which \(pi{x)\ > e "* ~ . 

With the points x = 2mri as centers and radius ij <7r/2 draw circles. De- 
note by 5, that part of the plane which remains after the interiors of the circles 
have been removed. InS,,]/— 1| ^ (1— l/e"), for in the fundamental region: 
— TT ^ X2 < IT, a; = %i + ixi, exclusive of the interior of the circle \x\ = 17, e* — 1 
has its minimum in ic = — tj. 

Denote by X those of the given, x which are not in S,. We replace each 
X by that x in S, which lies on the circle, center in X, radius 2ij and in which 
|i^i(;«:)| for the circle takes on its maximum value. Then by Cauchy's Abschatz- 
ungt we have 

ki(«)| > |«^i(X)|,that is, Ui(.x)\ > e'"'^''. Since \x\ - |*:| ^ - 2r,, we have 



kiWl > 






For each ci > there exists r„ such that ( 1 — j^ ) > 1 — — , for \x\ > 



\ \x\/ 



Hence the relation 

\Ux)\ > e^^->'^'' 

holds for those \x\ > r„ in 5, which replace the given X not in 5,; it certainly 
holds for those of the given x in S, and therefore holds for infinitely many ar- 
bitrarily large at, \x\> r„. We accordingly have \<piix)\ > e " '"(1— l/e") for 
some arbitrarily large a;, \x\ > r„. Given a positive «, take <i < t; then there 
exists r, ^ r„ such that (1 — l/e") > e^"~'^^''^' for l^l > r, and hence \<piix)\ 

> e^'''~*"*''for some arbitrarily large x, \x\ > r,. 

* Vivanti-Gutzmer, loc. cit., p. 238. 

\ Osgood, Funktionentheorie, 1st. edition, p. 255. 
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We conclude at once that v^^ is finite, for if v^^ were infinite then, by the 
lemma, v^^ would be infinite, whereas it is actually unity. Also by the lemma 
v^,, ^ I'p,, that is, 1'^, ^ 1, M^i ^ 1- 

If /u^, > 1, by Theorem 2, ^(ot) converges for all x and the sufficiency of the 
condition in Theorem 4 is in this case proved. 

If /i^, = 1, then y^, = i/^, = 1 and 7^, is finite, for, if v^^ were infinite, the 
lemma applied for v = I yields 7^, infinite which means that ip{x) diverges. 
Since v^ = I and 7^, is finite, by Theorem 3, y}/{x) converges and the sufficiency 
proof is complete. 

An inequality which p 5^ 0, the radius of convergence of the ^-series, must 
satisfy, may be easily determined. From the lemma when v^^ = 1, 7^, ^ 
7^.; also \<(nix)\ < e<'+''l'^l ,(-^.+"'1-1, 1^1 > r.. Therefore 7^, ^ 1 + 7^., or 7^. 
^ 7^1 ^7^1-1- Since 7 = 1/p, this gives 



Pv^ P^'^ 



Pf 



1- 



-P„ 



When v^^ < 1, n^^ > 1 and p^ is infinite, while p^ ^ 1 for 7^, ^ 1. Hence al- 
ways 

p^ ^ p^ when p^ 7-^ 0, 

According to Theorem 4 the transformation (13) when (p{x) is a polynomial 
beginning with terms of at least the third degree has no invariant analytic curve 
y = ^(a;) corresponding to the simple root of the cubic (6), though there is 
obviously a formal i^-series. The curve y = cx^ is left invariant when (p{x) = 
2„ = 3(m— l);*;", while the curve y = xV(l—-4ic)^ is left invariant under (13) when 
<Pi{x)=x^e "(e"-!). 

That the number of invariant analytic curves may be infinite is seen from the 
transformation : 

xi = X + x^, yi = y + 2xy + x^y, 

which leaves invariant the 00 ' curves y = l^^, k arbitrary; also from the trans- 
formation : 

X, = ^[1 + n (y-fjix))]. yi = j'[i + n (y-'pjix))]'' 

i-1 J=l 

where <pj{x) is analytic at a; = 0, ^(0) = 0, m,k are positive integers, which leaves 
invariant the 00 1 analytic curves y = /^*, l^ arbitrary and also the m other 
curves y = <pj(x) (/ = 1, 2, . . ., w). On the other hand the transformation 

Xi = x + y^, yi = y + x^, 

possesses not even a formally invariant curve. 
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The results obtained in this paragraph show that we can not in general hope 
to predict the number of power series developments formally invariant under a 
given transformation, nor, when they exist, can we expect them always to be 
convergent. 

Wellesley College, 
Wellesley, Mass. 



